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Abstract

We model the structure and strategy of social interactions prevailing at any point in
time as a directed network and we address the following open question in the theory
of social and economic network formation: given the rules of network and coalition
formation, preferences of individuals over networks, strategic behavior of coalitions
in forming networks, and the trembles of nature, what network and coalitional dy-
namics are likely to emergence and persist. Our main contributions are to formulate
the problem of network and coalition formation as a dynamic, stochastic game and to
show that: (i) the game possesses a stationary Markov equilibrium (in network and
coalition formation strategies), (ii) together with the trembles of nature, this station-
ary equilibrium determines an equilibrium Markov process of network and coalition
formation, and (iii) this endogenous Markov process possesses a finite set of ergodic
measures, and generates a finite, disjoint collection of nonempty subsets of networks
and coalitions, each constituting a basin of attraction. Moreover, we extend to the
setting of endogenous Markov dynamics the notions of pairwise stability (Jackson-
Wolinsky, 1996) and the path dominance core (Page-Wooders, 2009a). We show that
in order for any network-coalition pair to emerge and persist, it is necessary that the
pair reside in one of finitely many basins of attraction. The results we obtain here for
endogenous network dynamics and stochastic basins of attraction are the dynamic
analogs of earlier results on endogenous network formation and strategic basins of at-
traction in static, abstract games of network formation (Page and Wooders, 2009a),
and build on the seminal contributions of Jackson and Watts (2002), Konishi and
Ray (2003), and Dutta, Ghosal, and Ray (2005).

KEYWORDS: endogenous network dynamics, dynamic stochastic games of net-
work formation, stationary Markov correlated equilibrium, equilibrium Markov process
of network formation, basins of attraction, Harris decomposition, ergodic probability
measures, dynamic path dominance core, dynamic pairwise stability.

JEL Classifications: Al4, C71, C72



1 Introduction

In all social and economic interactions, individuals or coalitions choose not only with
whom to interact but how to interact, and over time both the structure (the “with
whom”) and the strategy (“the how”) of interactions change. Our objectives here are
to model the structure and strategy of interactions prevailing at any point in time as
a directed network and to shed new light on the co-evolution of network structure and
strategic behavior by addressing the following open question in the theory of social
and economic network formation: given rules of network formation, preferences of
individuals over networks, strategic behavior of coalitions in forming networks, and
trembles of nature, what network and coalitional dynamics are likely to emergence
and persist. Thus, we propose to study the emergence of endogenous network and
coalitional dynamics from strategic behavior and the randomness in nature.

Our main contributions are to formulate the problem of network formation as a
dynamic, stochastic game, and to show that: (i) this game possesses an equilibrium
in stationary Markov network and coalition formation strategies, (ii) together with
the trembles of nature, these equilibrium strategies determine an equilibrium Markov
process of network and coalition formation that respects the rules of network for-
mation and the preferences of individuals and (iii) this equilibrium Markov process
generates a finite, disjoint collection of nonempty subsets of networks and coalitions,
each constituting a basin of attraction, and possesses a finite, nonempty set of ergodic
measures.

In earlier work on the co-evolution of network structure and strategic behavior
using static abstract games of network formation, Page and Wooders (2009) have
shown that, given the rules of network formation and the preferences of individuals,
these games possess strategic basins of attraction and these contain all networks that
are likely to emerge and persist as the game unfolds. Moreover, they have shown that
when any one of these strategic basins contains only one network, then that network
(i.e., the single network contained in the singleton basin) is stable against all coali-
tional network deviation strategies - and thus the game has a nonempty path domi-
nance core. Finally, Page-Wooders (2009) have shown that depending on how we spe-
cialize the rules of network formation and the dominance relation over networks, any
network contained in the path dominance core is pairwise stable (Jackson-Wolinsky,
1996), strongly stable (Jackson-van den Nouweland, 2005), Nash (Bala-Goyal, 2000),
or consistent (Chwe, 1994).

We show here that there are many parallels between the static abstract game
formulation and the prior results of Page and Wooders for static games and the results
we obtain here for our Markov dynamic game formulation. This is suggested already
by the seminal paper by Jackson and Watts (2002) on the evolution of networks.
Jackson and Watts present to our knowledge the first theory of stochastic dynamic
network formation over a finite set of linking networks governed by a Markov chain
generated by the myopic strategic behavior of players (following the Jackson-Wolinsky
rules of network formation) and the trembles of nature. Their model builds on the
earlier, nonstochastic model of dynamic network formation due to Watts (2001) - as
far as we know, the first model of network dynamics (see also Skyrms and Pemantle,



2000)). By considering a sequence of perturbed irreducible and aperiodic Markov
chains (i.e., each with a unique invariant measure) converging to the original Markov
chain, they show that any pairwise stable network is necessarily contained in the
support of an invariant measure - that is, in the support of a probability measure
that places all its support on sets of networks likely to form in the long run. We
show here that similar conclusions can be reached for directed networks with many
arc types governed by arbitrary network formation rules.

In a general Markov game setting, with farsighted players, what precisely does
it mean for a network to be pairwise stable - or stable in any sense? For example,
if the state space of networks is large, then the endogenous Markov process of net-
work formation is likely to have many invariant measures - and in fact many ergodic
probability measures (i.e., measures that place all their probability mass on a single
absorbing set). Which absorbing set contains networks stable in the sense of pairwise
stability, or strong stability, or Nash stability? These are some of the questions we
answer here in our study of endogenous network dynamics.

2 Primitives

2.1 The Space of Directed Networks

We begin by giving the formal definition of a directed network. Let N be a finite
set of nodes with typical element denoted by i and let A be a finite set of arcs with
typical element denoted by a. Arcs represent potential types of connections between
nodes, and depending on the application, nodes can represent economic agents or
economic objects such as markets or firms.

Definition 1 (Directed Networks)

Given node set N and arc set A, a directed network, G, is a nonempty subset of
Ax (N xN).

The collection of all directed networks is denoted by P(A x (N x N)).

A directed network G € P(A x (N x N)) thus consists of a set of ordered pairs
of the form (a, (i,7 )) where a is an arc type or an arc label and (4,4') is an ordered
pair of nodes. We shall refer to any pair (a, (i,i)) € G as a connection in network
G. Thus, a network G is a finite set of connections specifying how the nodes in N
are connected by the arcs in A. In a directed network order matters. In particular,
(a,(i,i)) € G means that nodes i and i’ are connected by a type a arc from node i
to node 7. Because the set of nodes and the set of arcs (or arc types) are finite, the
set of all possible directed networks P(A x (N x N)) is also finite.

Note that under our definition of a directed network, loops are allowed - that is,
we allow an arc to go from a given node back to that given node.! Finally, note

!By allowing loops we are able to represent a network having no connections between distinct
nodes as a network consisting entirely of loops at each node.



that under our definition an arc can be used multiple times in a given network and
multiple arcs can go from one node to another. However, our definition does not
allow an arc a to go from a node i to a node 7' multiple times.

The following notation is useful in describing networks. Given directed network
G € P(Ax (N xN)), let

Gla) = {(z’,i') ENXN:(a (i) e G} ,
G(i,i):={a € A: (a,(i,i)) € G}

G*(i) == {a € A:(a,(i,i) €G for some i’ € N }
and
G~ (i) := {a € A:(a,(i,i')) € G for some i € N }

Thus, in network G,

G(a) is the set of node pairs connected by arc a,
G(i,7') is the set of arcs from node i to node 7/,
G (i) is the set of arcs leaving node i, and
G~ (i) is the set of arcs entering node 7'

If for some arc a € A, G(a) is empty, then arc a is not used in network G. Also,
if for some node i € N, G* (i) UG~ (i) is empty, then node i is isolated.

In formulating our game of network and coalition formation, it will often be useful
to restrict attention to a particular feasible subset of networks.

Definition 2 (Feasible Networks)

Given finite node set N and finite arc set A, a feasible set of networks is a nonempty,
subset G of the collection of all directed networks P(A x (N x N)).

We will assume throughout that

A-1 (finiteness of nodes and arcs) the set of nodes N and arcs A are finite and that
the feasible set of networks is given by a subset G of P(A x (N x N)).

Examples 1: Feasible Networks

(1) Club Networks:

Consider a collection of networks where some nodes represent players while other
nodes represent clubs (or club locations) and where arc types represent the actions
players take as members of clubs. In particular, let D be a finite set of players with
typical element d, C' be a finite set of club types (or club labels or club locations)
with typical element ¢, and A be a finite set of arcs representing actions potentially
available to all players with typical element a. For each player d and club ¢, let A(d, c)



be the feasible set of actions that can be taken by player d in club ¢. We adopt the
convention that if A(d,c) = 0, then player d cannot be a member of club c.

A club network G is a nonempty subset of A x (D x C) such that (i) for all players
d € D, the section of G at d given by

G(d) == {(a,¢) € Ax C: (a,(d,c)) € G} (1)

is nonempty; and (ii) for all (a, (d,c)) € G, a € A(d, c). Let Gk denote the collection
of all such club networks. Note that by letting the set of nodes be given by N = DUC,
we have

Gg C P(Ax (N x N)).
Also note that the condition G(d) # () means that each player is a member of at least
one club - and possibly more (i.e., membership in at least one club is required and
multiple memberships are allowed).

An interesting special case of club networks is the collection of single membership
networks. We denote this collection by Gg1. A single membership club network G is
a nonempty subset of A x (D x C') such that (i) for all players d € D, G(d) contains
one and only one element (i.e., |G(d)| = 1, where |G(d)| denotes the cardinality of
G(d)), and (ii) for all (a,(d,c)) € G, a € A(d,c).

Specializing further, let the set of arc types be given by A = {1}, where a = 1
denotes membership (i.e., (1,(d,c)) € G means that player d is a member of club ¢
in network (), and suppose there are three players

D = {dy,ds,ds}

and two clubs
C ={c1,c2}.

Figure 1 depicts the single membership club network

G = {(17 (d17 Cl))? (17 (d27 Cl))v (17 (d37 02))}'

Figure 1: A Single Membership Club Network

(2) Marketing Networks:

Modifying example (2), suppose that the set of nodes N is given by N := FUM,
where F' is a set of firms and M is a set of markets. Also, suppose that the set of arc
types is given by a finite set of catalogs,

A= {Cl,...,Cq}.
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Each catalog C' € A is a nonempty, closed subset of X x P, where X C R is a
closed bounded subset of product description vectors, P is a closed bounded interval
of prices, and (0,0) € X x P.

Suppose that the feasible set of networks is given by

Gy ={GCAX(FxM):V(f,m), |G(f,m)| <1; Vf, |G(f,m)| =1 for some m}.

We call these networks, marketing networks. In marketing network G € Gy, a
connection (C,(f,m)) € G means that firm f offers a catalog C' of products and
prices in market m. Note that feasibility requires that each firm offers a catalog
(and only one catalog) in at least one market - but this catalog can be the “no
contracting” catalog Cy = {(0,0)}. In this way, firms are allowed to abstain from
active participation.
Letting
F= {f17.f27f37f47f5}

be the set of firms and
M = {ml, mg}

be the set of markets, Figure 2 depicts a marketing network.

Figure 2: A Marketing Network

In this marketing network the connection (Cig (f1,m2)), with arc type Ci2 € A,
indicates that firm f; offers catalog C12 in market mo.

2.2 Players and Coalitions

We will make a distinction between the set of players (or decision makers) and the
set of nodes. In particular, we will not assume that the set of players and the set of
nodes are necessarily one and the same. As in the marketing network example (2)
above, some nodes are firms (i.e., players or decision makers) while other nodes are
markets (i.e., are not players and are passive).



Because changing one network to another network very often involves groups of
players acting in concert, coalitions will play an important role in our model. Let
D denote the set of players (a set not necessarily equal to N the set of nodes) with
typical element denoted by d and let P(D) denote the collection of all player coalitions
(i.e., nonempty subsets of D) with typical element denoted by S. We will assume
that the set of players D has cardinality m (i.e., |D| = m). Depending on the rules of
network formation, it will often be useful to restrict attention to a particular feasible
subset of coalitions.

Definition 3 (Feasible Coalitions)

Given player set D, a feasible set of coalitions is a monempty subset F of the
collection of all coalitions P (D).

We will assume throughout that

A-2 (finiteness of players) the set of players D is finite and that the feasible set of
coalitions is given by a subset F of P(D).

Examples 2: Feasible Coalitions
(1) Suppose that the feasible set of coalitions is given by

Fo=1{SePD):|S|<2}.

Thus, all feasible coalitions consist of at most two players. The set F3 is, for exam-
ple, the feasible set for the Jackson-Wolinsky rules of network formation (Jackson-
Wolinsky (1996)). If the set of nodes and the set of players are one in the same, then
under the Jackson-Wolinsky rules, a connection can be removed from a network if and
only if one or both players involved in the connection agree to remove the connection
(arc subtraction can be unilateral), and a connection can be added to a network if
and only if both players involved in the connection agree to add the connection (arc
addition is bilateral).
(2) Suppose that the feasible set of coalitions is given

Fi={SePD):|S=1}.

Thus, all feasible coalitions consist of one player. The set F; is, for example, the
feasible set for the noncooperative, Bala-Goyal rules (Bala-Goyal (2000)). If the set
of nodes and the set of players are one in the same, then under the Bala-Goyal rules,
a connection can be added or subtracted from a network if and only if the initiating
player in the connection agrees to add or subtract the connection (arc addition and
subtraction is unilateral).?

(3) Consider the following club network example which illustrates another aspect
of the usefulness of making a distinction between nodes and players. First, suppose

Let (a, (4,7')) be a connection in network G where the set of nodes is equal to the set of players.
In the connection (a, (i,")), player i is the initiating player.



that the set of nodes is given by N = I UC, where I = {i1,12,...,i5} is a set of
individuals and C = {¢1, o, ..., ¢k} is a set of clubs, and assume that the set of arcs
is given by A = {aj,as,...,ap}. A typical connection in a club network is given by

(a, (i, ),

where a € A, i € I, c € C, and (a, (i, c)) means that individual ¢ is a member of club
¢ and takes action a in club c.

Next, suppose that the set of players is given by D = P(I). Thus, a player d € D
is a group or coalition of individuals. Finally, assume that the feasible set of player
coalitions is given by

Fo={S € P(D):|S| <2}.
Thus, each player coalition consists of at most 2 players and each player is a group
of individuals.

2.3 States, Actions, and Payoffs
2.3.1 States

We shall take as the state space the set 2 := (GxJF) of all feasible network-player
coalition pairs. Each state in (GxF) has the following interpretation: if (G, .S) is the
current state, then G is the current status quo network of social interactions and it
is player coalition S’s turn to propose a new status quo network.

In order to save writing and spare the reader, when no confusion is possible, we
will use €2 to denote the state space GxF and w to denote an elements (G, S) of the
state space. Thus, we will use the notation

Q:=GxF
and
w:=(G,S).

2.3.2 Actions

In our game each player’s action takes the form of a network recommendation or
network proposal. In particular, given current state w € €2, each player d € D has
available a nonempty subset of network proposals ®4(w) C G that can be put forth
by player d for consideration by nature. However, only players who are members of
the status quo coalition (i.e., the coalition whose turn it is to move) are allowed to
propose substantive changes and each such proposal must be consistent with the rules
of network formation. In particular, if G’ € ®4(G,S) is proposed by player d € S
(and therefore, by a member of the status quo player coalition), then the proposed
network G’ must be such that under the rules of network formation it is possible
for coalition S or some subcoalition S’ C S, to which player d belongs to change
the status quo network G to network G’. Moreover, because players who are not
members of the status quo coalition are not allowed to propose substantive changes,
these players (i.e., players d ¢ S) can only propose that the status quo network be
maintained. Formally, we will assume that



A-3 (properties of constraint mappings)
for each player d € D, the correspondence ®4(-) is such that, for all w = (G, S)

(a) G € ®4(G, S) for all d € D,
and (2)
(b) {G} = ®4(G, S) for alld ¢ S.

Thus, under A-1(a) each player d in each state has the option of proposing that
the status quo network be maintained and under A-1(b) if the player is not part of
the status quo coalition, then the status quo is the only network proposal available
to that player. Moreover, if network G’ € ®4(G, S) is proposed by player d € S, then
under the rules of network formation, it must be feasible for player d, working alone
or together with some subcoalition S’ C S (including possibly all members of S), to
change the status quo network G to the proposed network G’.

We will denote by ®(-) the aggregate constraint correspondence,

w — O(w) = lgepPa(w). (3)

2.3.3 Payoffs

In order for players to decide which networks to propose, we must specify player
payoff functions. We shall assume that

A-4 (payoff functions)
each player d € D has a payoff function

rqa(s,+) : QxG™ — [— M, M]. (4)

Thus, if the current state is w = (G, S5) (i.e., if the status quo network is G
and it is coalition S’s turn to move) and if players propose m-tuple of networks
Gp = (Gg)gep € P(w), then player ds payoff is given by

r7(w,Gp) = rg(w, (G7,G_3)).
2.4 The Law of Motion and the Proposal-Dependent Markov Tran-
sition Matrix

In order to further simplify the notation, let

Q:={wi,ws,...,wnN}, (5)
and let
H:={1,2,...,N} (6)

with typical elements ¢ and j index states. Thus, ¢ € H if and only if w; € €2, and for
any nonempty subset F of 2, ¢ € Hg if and only if w; € F. Often we will use 7 and
J to denote states, rather than w (= w;) and W’ (= wj).



Given the profile of player proposals Gp = (Gg)aep := (G4, G_4) and given the
current state, w = (G, S), nature then chooses the next state (i.e., the next network-
coalition pair) in accordance with the Markov transition law, q(-|-,Gp). Thus, given
m-~tuple of player proposals Gp and current state w, the probability with which nature
chooses the next state o’ is given by ¢(w'|w, Gp). For each proposal m-tuple Gp,
let Q(Gp) be the resulting N x N Markov transition matrix. The transition matrix
Q(Gp) has typical entry

4ij(Gp) = q(wj|wi, Gp) (7)

where ¢;;(Gp) is the probability that nature moves from state w; = (G, S;) to state
wj = (G}, S;) given player proposals Gp.

2.5 Plans and Stationary Strategies

A plan g = (n9,7k ...) for player d € D is a sequence of history dependent
conditional probability measures on the feasible set of networks G. Under plan
7q at time point n given the history of states and proposal m-tuples, H"~! :=
(wO,G%,wl,G}j, . ,w"il,GTILfl), and given the current (time point n) state w" =
(G™, S™), player d chooses a network proposal according to the conditional probability
measure

ma([H"1 W) € P (Rq(w")). (8)

Here, P (®4(w™)) is the set of all probability measures with support contained in
®y(w™). Let H™ ! denote set of all (n)-histories and let

n=Tlg,(H" ' x Q,P(Q))

denote the set of all measurable functions, (H"1,w") — a%(:|[H""!,w™) € P(Q)
such that 77 (-|H" 1, w") € P (®g(w™)) for all w™ € Q. Formally, the set of plans for
player d is given by

o0
my =[] s
n=1
A Markov plan 4 = (wcll, 1/)?1, ...) for player d € D is a sequence of state-dependent
conditional probability measures on 2. Under Markov plan ¢4, at time point n, given

the current (time point n) status quo network-coalition pair (or state) w™ = (G™, S™),
player d chooses a network proposal according to the conditional probability measure

ba(|w") € P(®a(w")) - (9)

Let
g = 2a,(Q,P(Q)) :==Xs,

denote the set of all measurable functions, w — ] (-|w) € P(Q2) such that ¢} (-|w™) €
P (Pg(w™)) for all w™ € Q. The set of Markov plans for player d is given by

oy =] =5
n=1

9



A stationary Markov plan (04,04, .. .) for player d € D - or as we shall call it here,
a stationary strategy for player d € D - is a constant sequence of state-dependent
conditional probability measures on 2. Under stationary strategy (o4, 04,...) given
the current (time point n) status quo network-coalition pair (or state) w™ = (G™, S™),
player d, at each and every time point n, chooses a network proposal according to
the conditional probability measure

oq(-|w") € P (Pg(w™)). (10)

Rather than write o4(-|w) we will sometimes write o4(w).
A pure stationary strategy for player d € D is a stationary Markov strategy
(04,04, -..) such that for some function

fa(t) : Q@ — G with fg(w) € ®4(w) for all w € Q,
0q(fa(w)lw) =1 for all w € Q. (11)

Thus under pure stationary strateqy (c4,04,...) in any state w € €, the conditional
probability measure for player d assigns probability 1 to the network proposal fy(w) €
®4(w).> Rather than represent a pure stationary strategy for player d € D using
a conditional probability measure o4(-|w) concentrating all its probability mass on
a particular state dependent network fg(w), we will often times instead represent
a pure stationary strategy for player d € D using the underlying function fu(-).
Thus, a pure stationary strategy for player d € D will often times be described as a
constant sequence of functions (fg, fg4,...) such that for all w € Q. fg(w) € ®4(w) and

oa(fa(w)lw) = 1.

2.6 Player Payoffs

Given m-tuple of stationary strategies (o4(:|-))aep, if the current state is w € €2 then
player d’s immediate expected payoff is

rq(w,op(w)) := Z rq(w,Gp)op(Gplw)
Gped(w)

where o p(w) := op(-|w) is the product measure X 404(-|w) with support contained in
O (w) = gepPy(w) C G™.

If network proposal m-tuple Gp is chosen according to product measure op(-|w),
then nature chooses the next network-coalition pair (i.e., the next state) according
to the probability measure ¢(-|w, Gp).

Let

ri(op)(w)

ZGDe@(w) rq¢(w,Gp)op(Gplw) forn=0

Zw’GQ ZGDGQ(w) rd(u/, GD)JD(GD‘U_/) q(”) (w"w,gD<w)) forn>1,

3Such a conditional probability measure is often denoted using a Dirac measure notation, O fa(w)-
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denote the n'* period expected payoff to player d under stationary strategy op(-)
starting at network-coalition pair w = (G, S) given law of motion q(-|-,op(-)).* Here,
for n > 1, ¢"(-|w,0p(w)) is defined recursively by

¢"(Blw,0p(w))

= Ywea " V(EW, op(w))e(«|w,op(w))

= Ywen " D (Ww, op(w))a(Ele’, o p(w).

The discounted expected payoff to player d over an infinite time horizon under sta-
tionary strategy op(-) € [[4ep Y, starting at state w is then given by

Eq(op)(w) =Y _ Biri(op)(w).
n=0

In general, the discounted expected payoff to player d over an infinite time horizon
under plan 7p = (74)dep € 1% := [];cp I starting in state w is then given by

Eq(mp)(w) =Y _ Biry(wp)(w).
n=0

3 Dynamic Network Formation Games

3.1 Existence of Nash Equilibrium in Stationary Strategies

A dynamic network formation game is given by

= (Q, Eq()(-), 10g7) gep -

A dynamic network formation game starting at state w € €2 is given by

Ly = (Q, Eq(-)(w), 113°) gep -

"We will regularly abuse our own notation by using

op(-):==op()
to denote the conditional product probability measure
Xaoa(-) == Xaoa(:|)
as well as to denote the m-tuple of conditional probability measures
(@a(-),;0-a(") := (ga(-]-),0-a(:|))-
Thus, depending on the context,

op(-) := xaoa(|)

op(+) = (oa(),0-a(")),

and of course, we claim that the meaning will be clear from the context.

11



Definition 4 (Nash Equilibrium)

A stationary strategy (o5(:|-))dep with corresponding m-tuple of stationary strategies
op(-) = (65(]'))dep is a Nash equilibrium of the dynamic network formation
game T if for all starting network-coalition pairs w = (G,S) € GXF and all
players d € D,

Eq(o},0* ) (w) > E4(mg, 0" ;) (w) for all mq € II°.

Thus, an m-tuple of stationary strategies (¢7(:|-))dep is a Nash equilibrium of
dynamic network formation game I' if it is a Nash equilibrium for the game I',, for
all starting states.

Theorem 1 (The Existence of Nash Equilibrium in Stationary Strategies)

Under assumptions [A-1]-[A-4] the dynamic network formation game,

[=(Q,Eq(-)(-), 113°) gep »

has a Nash equilibrium in stationary strategies.

Theorem 1 is an immediate consequence of Theorem 1 in Federgruen (1978).
Moreover, letting

wy(w) = Eg(og, 0% 4)(w),
by Theorem 6f in Blackwell (1968), (07(:|-))dep is a Nash equilibrium in stationary
strategies if and only if

wg(w) = max <rd(w, (0", 0% q(@) +Ba Y wi(w)a(w'|w, (0’=U*d(w))) :

o' €P(@a(w)) =

for all w € @ and d € D. The quantity, w}(w), is the present value to player d of
following his stationary strategy, (), in proposing networks in all future periods,
starting in state w and assuming that all other players also follow their stationary
strategies, o* ;(-), in proposing networks in all future periods. We will refer to the
function wj(-) : @ — [—M, M] as player d's value function and we will write wp(-) to
denote the m-tuple of value functions, (wq(:))aep - and we will write w}(-) to denote
player d’s equilibrium value function.

3.2 Characterization of Stationary Equilibria

In addition to the characterization of stationary equilibria due to Blackwell (1968),
there is also a nonlinear programming characterization of stationary equilibria due
to Filar, Schultz, Thuijsman, and Vrieze (1991).5 We state their characterization

Herings and Peeters (2004) also provide a nonlinear programming characterization of stationary
equilibria (see Theorem 3.6, page 40, in Herings and Peeters 2004).
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result here for the convenience of the reader, and in Example 3, we will use their
characterization result to construct an example of a pure stationary equilibrium in a
dynamic club network formation game.

To begin, let 3, be player d’s discount rate and let

(wp(-),0p()) := (wd(-),0a(-|-))acD
denote an m-tuple of value function-stationary strategy pairs where for each player d
wg(+) : Q@ — [-M, M] and o4(-) : Q — P(Q),

such that og(w) € P (Pg(w)) for all w € Q.

Theorem 2 (A Nonlinear Programming Characterization of Stationary Equilibria)

Suppose that assumptions [A-1]-[A-4] hold. A valuation function, stationary strategy
profile pair (w},(-),o7,(+)) solves the dynamic network formation game I' if and
only if (wh(-),0p(+)) solves

min Z Z wq(wi) — ra(wi,op(wi)) — By Z wq(wj)g(wjlwi,op(wi))| (12)
deDieH jeH

over op(-) such that for all d € D and w; € Q, o4(wi) € P(P4(wi)) and over
wp(+) such that for all d € D, w; € Q, and G4 € Pg(w;)

wa(wi) = ra(wi, Ga,0-a(wi) + 8 walw;)q(w;lwi, Ga, o—a(ws))
jEH

Moreover, if (wh(-),0p(+)) solves (12), then letting

m* =) Y |wiwi) = ra(wi, oh (W) = 8 wilwi)awjlwi, o (wi) |

deDicH jeEH

*

m* >0, and if m* >0, then op(-) is an e-equilibrium with € € (0, 1%5).

Example 3: Pure Stationary Equilibrium in a Dynamic Club Network
Formation Game

First, as in Example 2(3), assume that the set of nodes is given by N = I U C,
where I = {wy,ws,b} is a set of individuals and C' = {c1, ca} is a set of clubs
and suppose that the set of arcs is given by A = {1}, where a = 1 denotes club
membership by an individual. Thus, a typical connection is given by (1, (7, ¢)),
where i € I, ¢ € C, and (1, (4, c)) means that individual 7 is a member of club
c.

13



Next, suppose that the set of players is given by

D = {dy,d2} = {{w1, b}, {ws, b} }.

Thus, a player d; is a group of individuals and here player d; is the group
{w1, b}, while player da is the group {ws, b}.

Finally, assume that the feasible set of player coalitions is given by

Fi={{d},{d2}}.

Thus, each player coalition consists of a single player and each player is a group
of individuals. Note that individual w; is in group d; but not in group ds
and that individual wg is in group dz but not in group d; (i.e., w; € d; for all
i), while individual b is in both groups. We will assume that whenever it is
coalition {d;}'s turn to move (i.e., whenever {d;} is the status quo coalition),
then player d; (i.e., group {w;,b}) is represented by individual w; (the group
leader). In particular, we will assume that individual w; has complete control
over the membership moves of all members of group d; (i.e., w; has complete
control over his membership moves and the membership moves of individual b).
But these moves are subject to the following constraints:

(1) individual w; cannot be a member of club ca.

(2) individual b can be a member of club ¢; if and only if individuals w; and
weo are members of club ¢;.

The set of all single individual membership club networks Gy is given by the
collection of all nonempty subsets G of A x (I x C) such that for all i € I,
|G(i)| = 1. The set of all such club networks satisfying conditions (1) and (2)
is the subset of Ggy given by

G= {Gla G27 GS}a

with networks as depicted in Figure 3.

o © ©

Gq Gy Gz

Figure 3: The Feasible Set of Club Networks

@ &
S
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The set of states is given by

Q= q (G1,{d1}), (G1,{d2}), (G2,{d1}), (G2, {d2}), (G3,{d1}), (G5, {d2})

wi w2 w3 wa w5 we

Table 1 below lists players’ state-contingent network proposal constraint sets.

(I)d1<') (I)d2(')
w1 {G1,Gs} {G1}
wy  {Gi1}  {G1,G2,G3}
wg  {Ga} {G2}
wy  {G2}  {G1,G2,G3}
ws {G1,G3} {Gs}
we {G3} {G1,G2,G3}

Table 1: Player’s State-Contingent Constraint Sets

For example, in state ws = (G3, {d1}) player d; has available network proposals
Gl and Gg (i.e., (I)dl ((,U5) = {Gl,Gg}).

We will assume that each player’s payoff function,
ra(s, ) 1 QxG™ — [ M, M],

depends only on the status quo state. Thus, for all players d € D and for all
state-network proposal pairs,
(w,Gp) = ((G,{d'}),Gp) € AxG™,
N——
payoffs are given by
T’d(w, GD) - ’Ud((d),

where vg(+) is the total payoff to player d in state w = (G, {d’}). Table 2 lists
each player’s state-contingent payoffs.

(G1,{d1}) (Ghv{dﬂ)

w1 w2

di v (w1) =3 vg(w2) =3
d2 ’Ud2(wl) =2 UdZ(WQ) =2

(Go,{d1})  (Go,{d2})
di v, (:33) =2 g (uj):) =2
day vg,(w3) =1 vg,(wg) =1

(G3,{di})  (G3,{da})

ws w6
di vg(ws) =1 v, (wg) =1
d2 Vd, (w5) =3 Vd, (wg) =3
Table 2: State-Contingent Player Payoffs
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Note that state-contingent payoffs are in fact invariant with respect to the
coalition, {d1} or {ds}, whose turn it is to move. For example, according to
Table 2, in both states w; and ws player ds receives payoff vg,(wi) = 2. In

vector form the state-contingent payoffs to each player are given by

rd, = (rq, (w1, Gp), ..., 14, (we,GD))
= (Ud1 (w1>’ <oy Udy (WG))
=(3,3,2,2,1,1)
and
Tdy = (sz (wl, GD), ey Tdy (WG, GD))
= (UdZ (W1>7 o Udy (wﬁ))
=(2,2,1,1,3,3).

(13)

Using the nonlinear programming characterization of stationary equilibria given in
Theorem 2, we will show that the pure stationary strategies for players d; and
dy given in Table 3 are Nash equilibrium proposal strategies for the dynamic
game of club network formation.

states fc’l‘l( ) f;z( )
wi = (G, {di}) fi(w) =G fi,(w1) =G
wp = (G1,{d2}) fj (w2) =G1 [i,(w2) =G3
wy = (G, {di}) fj (w3)=G2 [g,(w3) =G
wy = (Go,{d2}) [ (wa) =G2 [i,(wa) =G3
ws = (G3,{di}) fj (ws)=G1 [g,(ws) =G3
we = (Gs,{d2}) fi(we) =Gs fj (ws) =G
Table 3: Pure Strategies

For example, according to Table 3, in state wy, player do proposes feasible
network fj (ws4) = G3. Using the state-contingent proposal constraint sets in
Table 1, we can easily list the feasible deviations from the equilibrium proposals

given in Table 3.

states
w1
w2
w3
w4
ws
we

— G3 fi,(w1) = G1

w2) =G4 fo,(w2) = Gz — G1,G2

fa,(w3) = G2 [i,(w3) = G
fi(wa) =G2  f5(wa) = G3— G1,Gy

— G3 fi,(ws) = G3

fi,(we) = G3 fi,(we) = Gz — G1,Ga

Table 4: Feasible Deviations

For example, according to Table 4, in state we = (G1,{d2}) player 1 proposes
f3,(w2) = G1 and has no feasible deviations (because it is not player 1’s turn
to move, player 1 can only propose the status quo Gi). However, in state
we = (G1,{d2}), player 2 proposes f (w2) = G3 and has two feasible deviations,

G1 and Gs.
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We will assume that the law of motion, ¢(-|-, ) is such that given any status quo state,
only states containing networks proposed by one of the players are assigned
positive probabilities. For example, if players dy and ds both propose network
G2, then starting at any status quo state, say w = (G, {d}), only states

(G2,{d1}) and (Ga,{d2}),

/

w3 w4

are assigned positive probability. Let (G g4,) denote the set of states containing
the network G4, proposed by player d;. Thus, under the law of motion, only
states contained in Q(Gg, ) UQ(Gy,) are assigned positive probabilities.

Further, we will assume that these probabilities are given by
Zdjep l:e(vdj (W) —va; (w)) IQ(Gdj)<W/)]

>wren ZdjeD [e<vdj (W")~va, (w)) IQ(Gd],)(W”):|

q(w'|w, (Gg,)q,) = ; (14)
where for states w € Q

1 ifwe Q(Gdj)

oGy (W) =
0 ifwé QGy).

For example, if the status quo state is w3 = (G2,{d1}) and both players propose
network G, then the probability that state ws occurs (i.e., that the process
stays in state wg) is given by

q(w3lws, G2, G2)

{e(”dl (WS)*”dl(WS))w+{e(”d2(“’3)*”d2(w3))w

o(vay (@3)—vg, (WS)):|+{6(Ud1 (wa)—vg, (WS)):|+|:e(”d2(w3)—“d2(w3)):|+{e(“dQ(W4)—”d2(W3))

[°]

= FEEFEEE

This probability is higher than it would have been had player 2, for example,
proposed instead network (G1 - because (G is not the network in state wg =
(G2,{d1}). Specifically, we would have

q(wslws, G2, G1)
(vay @s)—va, (@3))
e\ % 1 Ioay)(W3)

o(vay (@3)—vg; (wg))h{e(vdl (wa)—vg, <w3>)}+[e(vd2<w1>—vd2(w3>)}+{e(de(w)—vdZ(wg))

R Gl P YT
= e ] :
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Moreover, if both players had proposed network Gy, then (because the state
whose probability we are trying to compute contains no network proposed by
any player) we would have

q(wslws, G1,G1) = 0.

Note that under the law of motion (14), states containing proposed networks
that generate higher incremental payoffs to players relative to the status quo
are assigned higher probabilities.

The Markov transition matrix induced by pure strategies f7,(-) = (f7,(), f7,(")) is

given by®
b b 0 0 0 0
.13447 .13447 0 0 .36553  .36553
o\ 0 0 b 5 0 0
@fp) = 0 0 .059601 .059601 .4404  .4404
.4404 . 4404 0 0 .059601 .059601
0 0 0 0 5 5

Player d’;s value function, w:’i‘j (+), in vector form, is given by

-1

wh, = [1 = B4,QUH)]  vay.

Here, w;*lj € RS is the column vector listing the state-contingent values to player
d; of following strategy fc’l"j (*), va; € RS is the column vector of state-contingent
payoffs to player d; (see expression (13)), and I is the 6 x 6 identity matrix.
As noted already by Herings and Peeters (2004), because Q(f})) is a stochastic
matrix, with rows nonnegative and summing to 1, it follows from Hadamard’s

Theorem that the inverse [I - ﬂde( fz‘))} exists and is given by

- B,0UD)] " =X g U
n=0

By computation, the value functions wp,(-) = (wj (+),wy,(+)), in vector form, are

given by

w;;l:(3.1559 3.0822 2.1041 2.0609 1.1439 1.0549 ),
and
w;;2:(2.0839 2.1134 1.0432 1.1146 3.0887 3.1244 ).

5The computations leading to transition matrix Q(fp) are quite long and tedious. They have
been gathered in a working paper which is available upon request.
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Given that .

wl, = 1= 84,QU5)|  vay.

we have for all states w; and players d; that
wy, (Wi) = va; (Wi) = Ba; 2pem Wa, (@r)a(Wk|wi, fi(wi)-
= wy, (wi) = ra; (Wi, [ (wi)) = Ba; D i, (Wr)a(wrlwi, f1(wi)
=0,

Thus, (w})(+), f5()) solves the minimization problem

min Y Y |wa(wi) = ra(wi, op(wi)) = By Y walwr)a(wilwi, o p(ws)) |

deDicH jeH
by attaining the lower bound of zero.

By Theorem 2, therefore, in order to show that the valuation function-strategy pair
(wh(+), fH(+)) is an equilibrium, it remains only to show that no player d;, in
any state w;, can make himself better off by deviating to a feasible proposal G'
€ ®4,(w;) from the proposal f;j (wi) € ®g;(w;) specified by his strategy fé‘j(~),
assuming that all other players continue to follow their strategies, f* d; (). This
requires that for all states w; we recompute the ith row of the transition matrix
Q(f}) (i-e., the row corresponding to state w;), given by

q(-lwi, G, 2, (@) = (q(wilwi, G, f2 4, (@), - - q(wslws, G, £2 4, (wi),

for all feasible deviations G’ € ®g;(w;) for all players d; and then check that
inequality

w (wi) > va, (i) + Ba, Y wi (wr)q(Welwi, G, £ 4, (wi)-
ke

holds. For example, for the feasible state wg player dys deviation from I3, (weg) =
G35 to G4, we have

q(-|ws, £, (we), f3,(we)) :=(0 0 0 0 .5 .5)
!
g(-|we, 5, (we), Ga,) == (0 0 059603 059603 4404 4404 )

and given that w}, (we) = 3.1244, va, (we) = 3, and B4, = .04, we conclude that
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wy, (we) = 3.1244
2.0839
2.1134

>3+ (.04)( 0 0 .059603 .059603 .4404 .4404 ) 1(1]11122 = 3.1146

3.0887
3.1244

= vdy (w6) + Bay Doken Wi, (Wr)a(wklws, f7, (we), G2).

Thus, player ds is not made better off by this deviation. Checking all such deviations
for all players in all states, we conclude from Theorem 2 that (w}(-), f5(-)) is an
equilibrium, and in particular, that the pure stationary strategy f;,(-) specified in
Table 3 is Nash.

4 Endogenous Network Dynamics

4.1 The Equilibrium Markov Transition Kernel

Under stationary equilibrium, ¢7,(-) = (0}(:]-))dep, the endogenous Markov process
of network and coalition formation,

{(Watn ={(Gh, 500 s
is governed by the equilibrium Markov transition kernel,
P (Elw) = Xpep (W' w,0p(w))
= ZG’D@I)(w) >owen (W, Gp)oh(Gplw)

=2_¢ co(w) I(Elw, Gp)op(Gplw).
DED(

for all E C Q.7 Thus, for all n = 0,1,2,..., the probability that the process {W, }o
reaches the set of states £ € B(2) in n moves given initial state W = wq and history
Wi =wi,...,Wp_1 = wp_1 is given by

I{W} € E|W;_; =w} =p*(Ew),

and thus depends only on state of the process after n — 1 moves and not on the whole
history of the process.® Moreover, for all n =0,1,2,.. .,

I{W;; € EIWg = w} = p*™(Elw) = ¢"(Elw, o) w)),

"To put our model on a sound foundation, we will assume - as is standard in Markov Process
Theory - that there is a probability space (0, ,II) underlying our equilibrium process {W,}, .
8Here, IT is the probability measure defined on the measurable space (0, ) underlying the process

of network and coalition formation. Thus, we are assuming that the Markov process {W;}, of
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where the n-step transition p*(™(-|-) is given recursively as follows: for all w € Q and
EC Q,

NEw) =Y p"EW)p (W) = > p D (EW)pt(@|w). (15)

w'eN w'eN

4.2 The Equilibrium Markov Transition Matrix

We can also represent the equilibrium Markov transition p*(-|-) via a Markov tran-
sition matrix. In particular, given stationary equilibrium, o},(-) = (¢5(-|-))den, let
Q* be the resulting Nx N equilibrium Markov transition matrix, where Q* has typ-
ical entry ¢j; (= q(wj|wi, o (wi))), where gj; is the probability that nature moves
from state w; = (G, S;) to state w; = (G, S;) given stationary equilibrium proposal
strategies, 07,(-). Note that each row of Q*, given by

p; = (1, @Gas - -5 Gin) = (@), (16)

is a conditional probability measure on the state space Q, that is, p! € P(Q), where
the set of probability measures P({) is given by

P(Q) = p:(ql,...,qN)ERN:quOand quzl ) (17)
JjEH

Given initial probability measure v* = (77,73,...,7x) € P(Q2) prescribing the
probability with which the initial state ig (or equivalently, w;, = (G, Si,)) is chosen,
the probability that the process is in state i, after n moves is given by

W, =wi, } = (1"Q Z Vio (@ ioin
i0eH
where

Q*™ is the matrix obtained by multiplying Q*by itself n times,

(v*Q*™);,, is the it component of the row vector v*Q*",
and

(Q™)igin = qm(Z ") is the (ig, in)t" entry of the matrix Q*™.

For example if n = 2, then

=) @i = D Ve (D @i Gihiy)-

i0EH i0EH i1€EH

network and coalition formation is a sequence of Q2-valued, S-measurable functions
Wy :0—Q:=(GxF),

such that,
H{Wn c E|Wo = wo, Wy = Wlyenny Who1= wn71}
= H{Wn S E|Wn_1 = wn_l}
I, ,{W, € E}.
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The probability that the process is in state i,, after n moves starting from state
ig is given by

T AW} = w3, } o= W, = w3, W = wio} = (Qigi, = 4}
For example if n = 2, then

2
(Q*Q)ioiz = q;ko(zg) = Z q;(oilqgkliz'
i1€H

4.3 The Equilibrium Markov Supernetwork

Corresponding to the equilibrium Markov transition matrix @Q* there is a unique
directed network M* - a supernetwork (Page, Wooders, and Kamat (2005) - where

M* C[0,1] x (2 x ),

with typical connection (q;"j, (wi,wj)) where q;; is the i7" entry in the equilibrium
Markov transition matrix @Q* and w; and w; are network-coalition pairs contained in
the state space. The connection (q;"j, (wi,wj)) € M* is active if and only if the process
of network-coalition formation {W, '} governed by equilibrium Markov transition Q*
is such that for alln =1,2,...,

H{W; = wj|W;_1 = w,-} = qu > 0.
Examples 4: Endogenous Supernetworks

(1) Consider process of network-coalition formation {W;} with state space

Q= {wl,WQ, NN ,wﬁ},
governed by equilibrium Markov transition matrix Q* given by

0 1.0 0 0 O

4 6 0 0 0 0

0 = 30 4 2 10

N 0 00 3 .70

0 0 0 5 0 5

0 00 8 0 .2
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The corresponding equilibrium Markov supernetwork M* (with only active con-
nections shown) is depicted in Figure 4.

Figure 4: The Equilibrium Markov Supernetwork

(2) Consider the process of network-coalition formation {W,(f},)} governed by the
equilibrium Markov transition Q(f},) induced by the pure stationary equilib-
rium strategies f7, = ( Tays sz) in Example 3, and recall that the state space is
given by

Q= q (G1,{d1}), (G1,{d2}), (G2,{d1}), (G2, {d2}), (G3,{d1}), (G5, {d2})

wi w2 w3 wa w5 we

The equilibrium Markov transition matrix, Q(f7,)), is given by

5 5 0 0 0 0
(13447 13447 0 0 .36553 .36553

. 0 0 5 5 0 0
QUp) = 0 0 .059601 .059601 .4404 4404
4404 4404 O 0 .059601 .059601

0 0 0 0 5 5
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The corresponding equilibrium Markov supernetwork M (f7,) (with only active
connections shown) is depicted in Figure 5.

.059601

.059601

13447

Figure 5: The Equilibrium Markov Supernetwork M (f7,)

4.4 Three Fundamental Results on Finite-State Markov Chains
4.4.1 Hitting Times

Often we will be interested in determining the probability with which the network-
coalition formation process reaches (hits in finite time) a particular network-coalition
pair wj = (G}, S;) after leaving a particular network-coalition pair w; = (G, S;).
To begin, let the integer-valued random variable, T, w*j (-):©®—={0,1,2,...}, given

by

T, =min{n > 1: Wy = w;} (18)
be the hitting time of network-coalition formation process {Wy}, for state w; € Q,
and let

pl =TI {Tjjj < oo W = wi} . (19)

be the probability that the process {W; '} reaches the state w; after leaving state

w; at time zero in finite time. Also, the expected hitting time (expected number of
moves) for the process {IWW}, to reach w; again after leaving w; at time zero is

Wi~ w;

o0 o
By T3, = B(T5 W5 =wi) = > T{T5 >n[Wg =w} = T, {T, > n}. (20)
n=0 n=0

Next consider the sequence of hitting times {7, jf}zozo defined recursively as fol-
lows: T35 := 0 and for k > 1,

T:f :=inf {n > ij_l Wy = wi} . (21)
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Tw*f is the number of moves required for the k' return to w;. Note that Txl >0, so
any visit to w; at time 0 does not count. Note also that T = T:j} The following
two results on hitting times can be found in Durrett (2005) section 5.3.

Theorem 3 (On Hitting Times)

Let {W}}>2, be an endogenous Markov process of network and coalition formation
governed by equilibrium Markov transition Q* with state space

Q:={wi,wa,...,wN}.
The following statements are true:
(1) For all k and all states w; and w;, 11 {Tw*f < oo|W§ = wi} = p”,ojf L

(2) For all states wi, wj, and wn, pjj, = pi;P5p-

4.4.2 Recurrence and Transience

A network-coalition pair w; = (G}, S;) is said to be recurrent if pj; = 1 and transient
if p;; < 1. By part (1) of Theorem 3, if w; is recurrent, then the number of moves
required for the k" return to wj is finite with probability 1 - or stated formally, if w;
is recurrent, then

I {Tw*"? < 0o|Wj = w]} =1 for all k.
J

A network-coalition pair w; = (G, S;) is said to be positive recurrent if E,,.T, w; <
and null recurrent if F,, T = oo. It is easy to show that all recurrent states of a
finite state Markov chain are positive recurrent.

Given any state w; € €2, the number of visitations to w; by the process {Wy}, =
{(G}, S:) )2 after time zero is given by

o0
=D Twi=uyy- (22)
n=1
If network-coalition pair w; = (G}, S;) is transient, then the expected number of
visitations to w; starting from network-coalition pair w; = (Gj, S;) is given by
gz] = sz[ ] ZI;.O 1 sz{v* > k}

= Zi":lH{ij < oo|Wg = wi}

= e Pzgp;f ! (by Theorem 3 (1))

= pl‘]
1=pj;

< 0.

25



We can conclude from (23) that in fact w; is recurrent if and only if
955 = B, [V.] = 0.

Wy

The following classical result on recurrent states can also be found in Durrett (2005),
for example.

Theorem 4 (Recurrence is Contagious)

Let {W;}22, be an endogenous Markov process of network and coalition formation
governed by equilibrium Markov transition Q* with state space

Q:={wi,wa,...,wN}.

If network-coalition pair w; = (Gj, S;) is recurrent and network-coalition pair w; =
(Gj,S;) is reachable, that is, if pi; > 0, then w; = (Gj,S;) is recurrent and
Py = 1.

The following classical results tell us the precise relationship between irreducibil-
ity, recurrence, and closedness (see, for example, Durrett (2005)).

Theorem 5 (Closedness and Irreducibility Imply Recurrence)

Let {W}}>2, be an endogenous Markov process of network and coalition formation
governed by equilibrium Markov transition Q* with state space

Q:={w,wa,...,wN}.
The following statements are true:

(1) If A* C Q is closed, then it contains at least one recurrent network-coalition
pair w; = (G, S;), that is, pi; = 1 (or equivalently, g, = cc0) for some w; € A*.
Moreover, A* C Q is closed if and only if for all w; € A* and for all n

IM{W; € A*|Wyg =w;} =1. (*)
(2) If A* C Q is closed and irreducible, then it is recurrent.

Proof. : (1) The proof of (*) is straightforward. Now suppose A* is closed but
contains no recurrent states, so that g;j < oo for all w; € A*. But now we have a
contradiction because by (23) and (*) in part (1) we have for all w; € A* and for all

b 00> D e, 95 = ijeA* B Va]
= ZjeHA* D1 q:j(n) = e ZjeHA* q;kj(n)
= YO W € AT\ = wi)
=lim, . n.
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(2) Suppose A* is closed and irreducible. By closedness we know by part (1) that
there is at least one recurrent state in A*. By the Contagious Theorem 3 we know that
any state reachable from this recurrent state is also recurrent. By irreducibility, we
know that all states in A* are reachable. Therefore, all states in A* are recurrent. l

4.5 Decomposition and Ergodicity

One of our primary objectives is to show that an endogenous Markov process of
network and coalition formation governed by equilibrium Markov transition Q* with
state space

Q= {wl,(,Ug, . ,wN},

generates a unique decomposition of the state space €2 of network-coalition pairs given
by
Q=U A% UT,

where each Ay is a basin of attraction and T is transient. This decomposition is
the wunique stability signature of the Nash equilibrium (o)j(:|-))aep of the dynamic
game of network formation. We will also show that this endogenous network dynamic
possesses a unique finite set of ergodic probability measures (i.e., long run equilibrium
probability measures) over network-coalition pairs, one for each basin of attraction,
and that each invariant probability measure is then a convex combination of these
ergodic measures. This set of ergodic measures is the unique probabilistic signature
of the Nash equilibrium.

4.5.1 Basins of Attraction

We say that there is a path from state w; to state wj if pi; > 0. If, in addition,
p3; > 0, so there is a path back, then we say that state w; and w; are on the same
circuit. In particular, if pj; > 0, then there is a path from w; to w;.

We say that a set of states A* C Q is irreducible if for each pair of states w; and
wj contained in A*, there is a path from w; to w;j. Thus, A* is irreducible if and only
if for every pair of states w; and w; contained in A*, pi; > 0 and p}; > 0 - and thus, if
A* is irreducible, then p}; > 0 for all w; € A*.9 In fact, by the Contagious Theorem 3,
if A* is irreducible, then all states in A* are either recurrent (p}; =1 for all w; € A*)
or transient (p}; < 1 for all w; € A*) . Finally, we say that a set of states A* C Q is
closed if for all w; € A*, pf; > 0 implies that w;j € A*.

Definition 5 (Basins of Attraction)

A set of states A* C ) is said to be a basin of attraction for the process {W;}n
governed by Markov transition Q* if A* is closed and irreducible.

Tf the entire state space Q is irreducible, we say that the process {W;}n governed by Markov
transition Q™ is irreducible.
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Note that by Theorem 5(2), each state contained in a basin of attraction is recur-
rent, that is,
Py = {T} < oo|W5 =w;} = 1.

Thus, all basins of attraction generated the process {W}, on finite state space
are closed, irreducible, and positive recurrent.

4.5.2 The Existence of a Unique Decomposition into Basins of Attraction

We begin with an observation essentially due to Durrett (2005): Any Markov network-
coalition formation process, say {W;},,, on the finite state space

Q:={wi,ws,...,wn},

is such that starting with any network-coalition pair w = (G, S), there is another
network-coalition pair w’ = (G’, S’) such that either (a) p¥,_, > 0 and p’, = 0 (there
is an active path from w to w’, but not back), in which case it follows from Theorem
4 that w is transient (otherwise, we would have pf, = 1) or (b) p¥ , > 0 implies
that p’, > 0 (there is an active path from w to ', and back), in which case the set
of network-coalition pairs

Q:={ €Q:p5, >0}

is closed and irreducible (i.e., a basin of attraction). First, to see that (b) implies
that €, is irreducible observe that if w’ and w” are in €, then by Theorem 3(2)
P = Poupior > 0. Hence w” can be reached from w'. Second, to see that (b)
implies that €1, is closed observe that if @ €  and p?,- > 0, then by Theorem 3(2),
Prs = PhPhs > 0. Hence, w € €1,

Our main result on the existence of a unique decomposition of the state space
into basins of attraction is as follows:

Theorem 6 (The Existence of a Unique Decomposition into Basins of Attraction)

Let {W}}>2, be an endogenous Markov process of network and coalition formation
governed by equilibrium Markov transition Q* with state space

Q:={wj,wa,...,wN}.
The following statements are true:

(1) There is a unique decomposition of the state space 2 of network-coalition pairs
given by
O =UA*UT,

where each A** is a basin of attraction and T is transient. Moreover, U A*F
is the unique partition of the set of recurrent network-coalition pairs, R* :=
{weN:pr, =1} into closed recurrent sets. Thus, R* = U, A*¥.
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(2) Starting from any network-coalition pair w € Q, the process {Wy}2, reaches a
network-coalition pair w' contained in a basin of attraction in finite time with
probability 1. Thus, for all w € ), the exists an integer n, such that

I {W;'; € [UkA*k] Wi = w} = 1for all n > n,.

Proof. (1) By Theorem 5(1), because 2 is finite, the set of recurrent network-
coalition pairs R* is nonempty. Consider the sets

Q= {w € Q:pl >0},

for w € R*. By Theorem 4, Q, C R* and if W’ € €, then p¥, = 1. Thus, by
the discussion before the statement of Theorem 6, for each w € R*, €}, is closed and
irreducible, and therefor by Theorem 5(2) recurrent. Because the sets Q,,, w € R* are
equivalence classes of recurrent network-coalition pairs, for all w and &’ in R*, either

Q,NQy =0 or Q, =Ny, and Uyecpr-Qy, = R*. Let {lek}k be the unique finite

partition of R* into recurrent classes and note that the set Q\ [UkaiJ is transient.
Letting (L, = A** for all k, the proof of (1) is complete.
(2) Recalling that T := Q\ [UyA**] is transient, note that

II{W}r e T for all n}

<> er H{W = ' for infinitely many n} = 0

<Y wer [Lweo IT{W;: = &' for infinitely many n|Wg = w} I{W§ = w}]
—0

Thus, depending the starting state w € T, at some finite time point n,, the process
leaves T', enters [UkA*k] and remains there.

Examples 5: Basins of Attraction

(1) In example 4(1), by direct observation of Figure 4, we can conclude that sets
A = {wy,ws,we} and A*? = {wy,ws} are closed and irreducible, and hence
by Theorem 5(2) recurrent. Thus, A*! and A*? are the basins of attraction
generated by the network-coalition formation process {W,} governed by the
equilibrium Markov transition Q*.

(2) In example 4(2), by direct observation of Figure 5, we can conclude that the
set A* = {w1,wa,ws,ws} is closed and irreducible (and hence also recurrent).
Thus, A* is the basin of attraction generated by the network-coalition forma-
tion process {W,(f},)} governed by the equilibrium Markov transition Q(f})
induced by the pure stationary equilibrium strategies f, = (fg,, fc‘l;) in Exam-
ple 3.
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4.5.3 Invariant and Ergodic Probability Measures

A probability measure A = (A1, A2,...,An) € P(Q) on the state space of feasible
network-coalition pairs
Q:={wi,wa,...,wN}.

is invariant for Markov transition Q* (i.e., is Q*-invariant) if

AQT =" X(Q%)i =) Aipf =\ (24)
icH icH

Thus, if probability measure A is Q*-invariant, then for any set of network-coalition
pairs E C €, if the current status quo network-coalition pair w;, = (G;,,S;,) is
chosen according to probability measure A - so that the probability that w;, lies in
Eis A(E) == >, g, \in - then the probability that any future period’s network-
coalition pair w;,.,, = (Gi, > Sin.m) lies in E is also AM(E) = A
Denote by Z* the collection of all Q*-invariant measure.

Let A* denote the collection of all basins of attraction (i.e., all closed, irreducible
sets). A @Q*-invariant measure A is said to be @*-ergodic if A\(A) = 0 or A(4) =1 for
all basins of attraction A€ A*. Denote by £* the collection of all Q*-ergodic measures.
Because the Q*-ergodic probability measures are the extreme points of the (possibly
empty) convex set Z* of Q*-invariant measures (see Theorem 19.25 in Aliprantis and
Border (1999)), each measure A in Z* can be written as a convex combination of the
measures in £*.

in

iner *

’in+m EHE

4.5.4 The Existence of a Unique Set of Ergodic Probability Measures

The set of invariant probability measures Z* for equilibrium Markov transition @Q*
with state space 2 := {w1,wa,...,wn} is given by the set

T* = {A€P(Q): \Q* = A}.

We will show that if
{A*l,A*z, o ,A*L}

is the unique, finite, disjoint collection of basins of attraction generated by equilibrium
Markov transition Q*, then corresponding to each basin of attraction A** there is
unique ergodic probability measure o**(-) concentrated on A** such that a**(w) > 0
for all w € A**. Moreover, we will show that the set of all ergodic probability measures
for transition Q* is given by

£ = {a(), ..., a ().

Thus, we will conclude that each Q*-invariant probability measure A\ € Z* is a convex
combination of the ergodic measures in £* (i.e., we will conclude that Z* = cof*,
where co denotes convex hull). Finally, we show how to compute these ergodic mea-
sures.

The following results are variations on classical results for finite state Markov
chains (see for example Durrett (2005), Kemeny and Snell (1960), or Norris (1997)).
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Theorem 7 (Ergodicity and Invariance Results for Probability Measures and Func-
tions for Finite State Markov Processes)

Let Q* be an equilibrium Markov transition on state space Q := {wi,wa,...,wN}
with basins of attraction
{A*l A*Q A*L}

The following statements are true:

(1) For each basin of attraction A** there is unique ergodic probability measure
o*k () with support contained in A** such that o*F(w) > 0 for all w € A**,

Moreover, for each w € A**,

(2) The set of all Q*-ergodic probability measures is given by £* = {a*1(),...,a* (-}
and T* = coE*, where co denotes convex hull.

(8) For each basin of attraction A** and each initial state w;, € A**
I {timn £ 520 F(Wis) = faes WG = wig | =1,
and
. -1 *
I {limg £ 55070 L oy = 07 (i) WG = wio | = 1.

Here,

Faee =D flwp)a™®(wy)

wJ-EA*k

is the expected value of the function (random variable) f(-) on the basin of attraction
A*R with, respect to the ergodic probability measure o**(-) concentrated on A**,

while the random variable .
1 —
= Iwimw)
m=0

is the average amount of time (average number of moves) the processes spends
in state w;, € A** before n.

Proof. (1) Suppose basin of attraction A** is given by
A*k = {wlk, N ,UJNk} - Q.
Let Q7 be the Nj x Nj, submatrix of the Markov transition matrix @*. The matrix

@y, has typical entry ¢} ; = q(wj |wiy,,0p(wi,)) where g ; is the probability that
nature moves from state w;, = (Gj,, S;,) to state wj;, = (Gj,,Sj,) given stationary
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equilibrium proposal strategies o7,(-) . Because the basin of attraction A*F is closed
and irreducible, @ is also a Markov transition matrix for the process confined to
A*F Recall that if the process begins in A** it will stay in A**. In particular, by
part (1) of Theorem 4 that for all w; € A** and for all n,

H{W;; e AW = w@-} ~1.

Hence the process on A** is irreducible and every state in A** is positive recurrent.
Thus, part (1) follows from Theorem 1.7.7 in Norris (1997).

(2) By Theorem 3.2.10 in Strook (2005), because €2 contains positive recurrent
states (for example any state in a basin of attraction), the set of invariant proba-
bility measures Z* is nonempty and Z* is clearly convex and compact. Thus by the
finite-dimensional Krein-Milman Theorem (Aliprantis and Border (2005), p 297) Z*
is the convex hull of its extreme points. It only remains to show that each ergodic
probability measure in £* = {a*!(-),...,a**(-)} is an extreme point of Z* and that
E* contains all the extreme points of Z*. But these conclusions are an immediate
consequence of Theorem 3.2.10 in Strook (2005).

(3) Because the process on A** is irreducible and every state in A** is positive
recurrent, part (3) follows from Theorem 1.10.2 in Norris (1997). H

We conclude this section by showing how to compute the unique ergodic prob-
ability measure o**(-) corresponding to any basin of attraction A**. First because
each basin is closed and irreducible, consisting entirely of positive recurrent states,
the process confined to A** and governed by Markov transition matrix @3, is ergodic.

Here we follow the approach introduced in the classic book by Kemeny and Snell
(1960) on finite Markov chains. To begin, let h be a vector of ones in Rk, that is,
let

h=(1,...,1) € RNk,

Also, let 3 be any probability vector in Rk, that is, let

ﬁk = (ﬁlk:"' 7ﬁNk)

where 3; > 0 for all ji € {1,..., Ng} and Zj\;’;lk Bj, = 1. Finally, let Z3,_ be the
N x Ni matrix given by

Zg, = (I — Qp+ hiBy) ™"

where
1 /Blk geeey 5Nk

(B - By, ) =
1 Bie v B )

Then, the ergodic probability measure

ok = (oﬁf, e ,a}"\i) = (@*(w1,), ..., a* (W)
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is given by
ﬁkZﬁk = a*k.

What is interesting is that 8,23, = o** for all probability vectors 3.
Returning to Example 1 above, recall that the Markov transition

0 0
0

Q=

N e
O O O

0
A4
3
0
0
0

0
0
2
3
5
.8

o O

5
2

generates two basins of attraction, A*! = {wy,ws} and A*? = {wy, ws,we}. The state
T = {ws} is transient.

First, we will compute a*! := (aﬁ, agi) = (a*H(wy,), a*H(ws,)). Arbitrarily
choosing vector, 5; = (1,0),

) 10
< 1 ) ( 10 ) =
1 0 21X21

We have .

Zg, = (I — Q7+ h1f)

-1

_ Loy (01 n 10

- 0 1 4 .6 10

_ .28571  .71429

T\ —.42857 1.4286 |
Therefore,

28571 71429
$1Zs =(1 0) ( 42857 1.4286 )

= (.28571 .71429 )

Checking, we have
o Qy
= (.28571 .71429 ) ( 01 )

= (.28572 .71428 ).
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Second, computing a*? := (aﬁ, agi, agi), we arbitrarily choosing 55 = (0,1,0),

1 010
1](010)= :
1 010 /, .
We have
Zg, = (I — Qb+ hafly) "
10 0 3 70 01 0\\ "
= 0o1o0]l-[50 5]+]1010
00 1 8 0 .2 010
1.2281 —.14035 —.087719
— | .46784 .32749  .20468
64327 —.54971  .90643
Therefore,

1.2281 —.14035 —.087719
BoZg,=(0 1 0)| .46784 .32749  .20468
64327 —.54971 . 90643

— (46784 .32749 20468 )

= (a1}, 03}, 033).

Checking, we have

04*2Q§

= ( 46784 .32749 .20468 )

oo LW
o oL
o o @

= ( .46784  .32749 . 20468 )
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5 Strategic Stability and Dynamic Consistency in Net-
work Formation Games

Throughout this section, let 67,(-) = (0}(:|))dep be a stationary equilibrium of the
dynamic network formation game with corresponding equilibrium Markov transition

p (1) = q(l op()),
unique basins of attraction,
{A*l,A*2,...,A*L},
and ergodic probability measures,
£ ={a"(),....a™ ()},

where

ok ( foralweQand k=1,...,L,

w) =

) E, T
and E, T is the expected hitting time (or expected number of moves) for the endoge-
nous process {W}, governed by the equilibrium Markov transition p*(-|-) to reach
network-coalition pair w again after leaving w at time zero.

5.1 Strategic Stability

Each player’s equilibrium network proposal strategy
w=(G,S)— o;(-|G,S)

governs the way in which player d tries to influence the process of network forma-
tion across time and for each given status quo coalition S, (|-, S) is an equilib-
rium Markov transition on networks governing player d’s network proposal process.
For each status quo coalition S, we will refer to the equilibrium Markov transi-
tions, (0(:|,S))acp, as the S-proposal transitions and we will refer to the induced
equilibrium Markov network-coalition transition, p*(-|-) = q(-|-,05,(-)), as the state
transition.

To begin, let £74 denote the set of absorbing sets corresponding to player d’s S -
proposal transition o7(-|, S ).10 If the set of networks E is an absorbing set for player
d under S-proposal transition o7(-|-, S), then for any status quo network G € E, it is
optimal for player d € S to propose with probability 1 either the status quo network
or a new network G’ in E. Moreover, by assumption A-3(b) if d ¢ S, then player d is

19A set of networks [ is absorbing for player d in coalition S provided
o4(B|G,S) =1
for all G € E. The set E is minimal absorbing if there exists no proper subset of E which is also

absorbing.
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constrained to propose only the status quo network.!! If in addition, E is absorbing
for all players in S, that is, if E € NgegL]g, then for all status quo networks G' € E,
it is optimal for all players to propose a network contained in E with probability
1. Note, however, that unless E is a singleton (i.e., E = {G} for some network
G € G), players may not agree on their individual network proposals. However, if
E is absorbing for all members of S, then at least all members will agree that their
proposals should be drawn from E. Thus, we can think of the sets in NgegLq as
being strategically stable for coalition S - as long as coalition S is the status quo
coalition. We will denote by LG the intersection NgegL}g and we will refer to the
absorbing sets contained in £ as S-strategically stable sets.

Let C be a subcollection of the feasible coalitions in F. We will say that a set
of networks [ is C-strategically stable if it is S-strategically stable for all coalitions
S € C, that is, if

E e ﬂgecﬁg = [,2,
and we will say that E is strategically stable if C = F. Thus, if E is C-strategically
stable, then in any status quo state w = (G, S) with G € E and S € C, all players in
S will find it in their best interest to propose networks in E, while all players not in
S will be constrained (under the rules of network formation) to propose the status
quo network G - also a network in . Moreover, the same will be true in any other
status quo state w’ = (G’,5") with G’ € E and S’ € C, that is, all players in S" will
find it in their best interest to propose networks in [, while all players not in S’ will
be constrained to propose the status quo network G'.
We have the following formal definition.

Definitions 7 (C-Strategic Stability and Strategic Stability)

A set of networks B is C-strategically stable for C a subcollection of feasible coalitions
in F, if in all states (G,S) € ExC all players d € S propose networks in E
with probability 1, that is, if for all (G,S) € ExC

oy(E|G,S) =1forall d e S.

Thus, the set of all C-strategically stable sets is given by

LE = NgecLs := Ngec [NaesLys] -

If E is F-strategically stable, then we say it is strategically stable. The collection of
all strategically stable sets is given by

E;: = ﬂsefﬁg = Nger [deSE:lS] .

"For any status quo state (G, S),
ca({G}G,8) =1
for any player d not in coalition S. Thus, for any status quo state (G,S), {G} is the minimal
absorbing set for player outside the status quo coalition S.
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Example 7: Strategic Stability in the Dynamic Club Network Formation
Game

Returning to the club network formation game in Example 3, by examination of the
pure stationary strategies in Table 3 we can conclude that the S-strategically
stable sets (i.e., the coalitional stable sets) are given by

£21{d1} = {{G17 GQ) G3}7 {Gh G3}7 {G2}7 {Gl}}7
and

E:(lg{dg} = {{Gb G27 G3}7 {G17 G3}7 {G27 G3}7 {G3}}

It is even easier to conclude this after an examination of the S-proposal tran-
sition supernetworks depicted in Figure 6 corresponding to the proposal tran-
sitions o4, (+| - {d1}) and o4, (-| - {d2}).

Co 6L Co @

COINGNOE
1 1
b D o ©
di{dq}  dpidp}

dy{dq}  dp{dy)

Figure 6: The Equilibrium Proposal Strategy Supernetworks

For example, in Figure 6 we see in the first column of figures, corresponding to
player d|s proposal in state (G2,{d;1}), that player dy chooses (as indicated in
Table 3) proposal G2 with probability 1.

Recalling that in Example 3 the feasible set of coalitions is given by F; = {{d1}, {d2}},
the strategically stable sets are given by

L =Ly 1ay N Loty = {{G1, G2, Gs}, {G1, G}t

5.2 Dynamic Consistency

Suppose the C-strategically stable set of networks E is such that nature chooses with
probability 1 network-coalition pairs from [E x C starting from any status quo network-
coalition pair contained in E x C. In particular, suppose that in addition to E being
C-strategically stable, & x C is absorbing for the state transition p*(-|-) = q(-|-, o1 (+))-
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We will refer to any such set of networks as being C-dynamically consistent. Thus,
a set of networks & € L} is C-dynamically consistent if E x C € £*, where £* is the
collection of all absorbing sets corresponding to the state transition p*(-|-).

We have the following formal definition.

Definitions 8 (C-Dynamic Consistency and Dynamic Consistency)

A C-strategically stable set of networks B is C-dynamically consistent if in all states
(G, S) € EXC nature chooses states in BxC with probability 1, that is,

p*(ExC|G, S) = 1for all (G,S) € ExC.

Thus, the set of all C-dynamically consistent sets is given by

Di:={Ee L;: ExCe L"}.

If B is F-dynamically consistent, then we say it is dynamically consistent. The
collection of all dynamically consistent sets is given by

Dy :={EecLf: ExFeLl"}.
Example 8: Dynamic Consistency in the Dynamic Club Network Forma-
tion Game

Returning again to the dynamic club network formation game in Example 3, by
examination of the Figure 5 we can conclude that the collection of absorbing
sets for the state transition p*(-|-) is given by

ﬁ* = {{wla w2, ws, W4,u)5,u)6}, {(.U1,CL)2,CU5,U.)6}} .

From Example 5 we have L7 = {{G1,G2,G3},{G1,G3}} and thus we have

{G17G27G3} X fl - {CU1,QJ2,W3,W4,W5,CUG}’
and
{G17G3} X fl = {wl,wg,W5,w6}.

We can conclude, therefore, that the set of strategically stable networks and
the set dynamically consistent networks are equal (i.e., L% = D ).

The following result tells us precisely the relationship between dynamically con-
sistent sets and basins of attraction.
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Theorem 8 (Dynamically Consistent Sets and Basins of Attraction)

Let
Ii= (€, Ea() (), 113 ) gepp -
be a dynamic network formation game with state space ) := G x F satisfying
assumptions [A-1]-[A-4]. Also, let

{Wat, = (G, Sty
be the endogenous network-coalition formation process governed by the equilib-
rium Markov transition p*(-|-) = q(:|-, 0 (:)) where o},(-) is a stationary Nash
equilibrium of T'.

If for some collection of player coalitions C C F, the set of networks & is C-
dynamically consistent, then the set of network-coalition pairs E¢ := EXC contains
at least one basin of attraction; that is,

A** C Ep for some k=1,..., L.

The conclusion of Theorem 8 is a consequence of two facts. First, if F is an
absorbing set of the state transition p*(-|-), then E N [UyA**] # 0. If not then,
recalling that Q = U, A** UT, we must conclude that F is contained in the transient
set T, a contradiction. Hence, it must be true that F N A** £ () for some k. But now
because the endogenous process of network-coalition formation visits each network-
coalition pair in A** infinitely often (i.e., because A** is recurrent) and because E
is absorbing for p*(-|-), it must be true that A** C E for all basins A** having a
nonempty intersection with F. Thus, because E¢ := ExC is absorbing for p*(+|-), it
must be true that A** C Ep.

By Theorem 8, we conclude that starting at any network-coalition pair contained
in E¢, the network-coalition formation process {W}, will reach in finite time with
probability 1 some basin of attraction A** contained in E¢, and once there, will
remain there.

5.3 Dynamic Path Dominance Core, Dynamic Strong Stability, and
Dynamic Pairwise Stability

In a static abstract game setting Page and Wooders (2009) introduced the notion
of the path dominance core. Stated informally, the path dominance core C contains
all feasible networks G such that there is no domination path leading to another
feasible network G’ (i.e., C contains all undominated networks with respect to path
dominance). A closely related notion, introduced earlier by Jackson and van den
Nouweland (2005), also in a static setting, is the notion of strong stability. Stated
loosely, a feasible network G is strongly stable if every player coalition that is able
to change the status quo network G to another feasible network, prefers not to do so
(i.e., stays with the status quo network). One way to extend the notions of the path
dominance core and strongly stable networks to the dynamic setting considered here
is as follows:
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Definition 9 (The Dynamic Path Dominance Core and Dynamically Strongly Stable
Networks)

A network G* € G is in the dynamic path dominance core (or equivalently, is
dynamically strongly stable) if the set {G*} is dynamically consistent, that is,
if {G*} € L% and {G*} x F € L*.

Thus, if a network is dynamically consistent, then all players want to stay there
and the induced process abides by the wishes of the players.
The following result is a direct consequence of Theorem 9.

Theorem 9 (The Dynamic Path Dominance Core, Dynamically Strongly Stable
Networks, and Basins of Attraction)

Let
L= (Q,Eq() (), I3 4epp -

be a dynamic network formation game with state space ) := G x F satisfying
assumptions [A-1]-[A-4]. Also, let

Wk, ={(Gh, Sy

be the endogenous network-coalition formation process governed by the equilib-
rium Markov transition p*(-|-) = q(:|-, 05 (:)) where 0},(-) is a stationary Nash
equilibrium of T.

If network G* € G is in the dynamic path dominance core, then the set of network-
coalition pairs {G*}xF contains at least one basin of attraction; that is,

A C {G*}xF forsome k=1,..., L.

By Theorem 9, if network G* is in the dynamic path dominance core, then there
is a least one basin of attraction, say A** consisting of network-coalition pairs of the
form (G*, S) for S € C**CF for some subcollection of player coalitions. Thus, starting
at any network-coalition pair (G*,S) (i.e., where S is any feasible coalition), the
network-coalition formation process {W; '}, will reach in finite time with probability
1 a basin of attraction A** of the form {G*} x C** and once there will remain there.

Note that if for some network G* € G and some coalition S* € F, {G*} € L.
and {(G*,5%)} € L*, so that {G*} is {S*}-dynamically consistent, this does not
necessarily imply that G* is in the dynamic path dominance core, even if {(G*, 5*)}
basin of attraction, because {G*} may not be dynamically consistent. Why? Because
while nature will choose with probability 1 the network-coalition pair (G*, S*) if the
status quo is (G*, S*), if the status quo coalition is not S*, that is, if the status quo
state is (G*,S’) for some coalition S” € F not equal to S*, some players in S’ may
propose a network other than G* (i.e., it may be the case that G* ¢ L}, for some
player d € S’) and in turn nature may choose a state other than (G*, S*). Moreover,
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if G* is not strategically stable, but nonetheless {G*} x C € L£* for some subset of
coalitions C C F, then if the equilibrium network-coalition formation process reaches
any state (G*,5) € {G*} x C, the process will remain in the set {G*} x C - despite
network proposals to the contrary by players, even players in coalitions in C. In such
a case, the state transition overrides the wishes of the players. This leads to the
following alternative notion of dynamic path dominance core.

Definition 9’ (The State Transition Core)

(1) (State Transition Core) A network G* € G is in the state transition core
if the set of states {G*} x F is an absorbing set for the state transition
p*(]).

(2) (Weak State Transition Core) A network G* € G is in the weak state
transition core if the set of states {G*} x C is an absorbing set for the
state transition p*(-|-) for some subset of coalitions C C F.

Under the definition of weak state transition core, for any basin of attraction A**
of the form A** = {(G**, S*¥)}, G** is in the weak state transition core. Moreover,
if for some state transition absorbing set E, E contains A** = {(G**,S*%)} and
is disjoint from the other basins, then starting at any network-coalition pair in F,
the process will reach in finite time with probability 1 the network-coalition pair
(G**, S*F) and will remain there.

To extend the definition of the pairwise stability introduced in Jackson and Wolin-
sky (1996) to the dynamic setting considered here, we begin by specializing the fea-
sible set of coalitions to coalitions of size no greater than 2.'2

Definition 10 (Dynamic Pairwise Stability)

Suppose the feasible set of coalitions is given by
Fo={S€P(D):|S| <2}.

(i.e., all feasible coalitions consist of at most two players). Then a network
G* € G is dynamically pairwise stable if the set {G*} is dynamically consistent,
that is, if {G*} € L%, and {G*} x Fa€ L.

The following result is also a direct consequence of Theorem 9 and the definition
of dynamic pairwise stability.

Theorem 10 (Dynamic Pairwise Stability and Basins of Attraction)

Let
L= (Q Eq()(), U3 ) gep -

2Stated very loosely, a network G is pairwise stable if every 1 or 2 player coalition that is able to
change the status quo network G to another network, prefers not to (i.e., stays with the status quo
network).
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be a dynamic network formation game with state space ) := G x F satisfying
assumptions [A-1]-[A-4]. Also, let

Wk, ={(Gn, Sy

be the endogenous network-coalition formation process governed by the equilib-
rium Markov transition p*(-|-) = q(:|-, 0 (-)) where o},(-) is a stationary Nash
equilibrium of T.

If network G* € G is dynamically pairwise stable, then the set of network-coalition
pairs Er, := {G*} xFa contains at least one basin of attraction; that is,

Ak C Ef, for some k=1,..., L.

By Theorem 10, if network G* is dynamically pairwise stable, then there is a least
one basin of attraction, say A**, consisting of network-coalition pairs of the form
(G*,S) for S € C3*CF,. Thus, starting at any network-coalition pair (G*,S), the
network-coalition formation process {W, '}, will reach in finite time with probability
1 a basin of attraction A** of the form {G*} x C3* and once there will remain there.
Moreover, the ergodic measure a**(-) is such that a**({G*} x C3¥) = 1. Thus, by
Theorem 10, for any dynamically pairwise stable network G*, any state (G*,S) with
player coalition S € C;k is contained in the support of the unique ergodic measure
a**(-) corresponding to the basin of attraction {G*} x C3*. This conclusion is similar
to the conclusion reached by Jackson and Watts (2002) for pairwise stable networks
resulting from a network formation process governed by a Markov chain generated by
myopic players. They reach their conclusion by considering a sequence of perturbed
irreducible Markov chains (i.e., each with a unique invariant measure) converging to
the original Markov chain. This method is similar to a method introduced into games
theory by Young (1993) which in turn is based on some very general perturbation
methods found in Freidlin and Wentzell (1984). Here we have reached a similar
conclusions in a different but related model using a different approach.

Example 6: Emptiness of the Dynamic Path Dominance Core

Returning again to the club network formation game in Example 3, we see by a
re-examination of Figure 5, reproduced in Figure 7 below, that for the club
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network formation game in Example 3 the path dominance core is empty.

.059601

.059601

13447

Figure 7: The Equilibrium Markov Supernetwork
from Example 3

Again note, however, that the set of networks {G1, G3} is dynamically consistent
and that the set of network-coalition pairs

A" = {w1,ws,ws,we}

is the only basin of attraction.
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